The analytical forms of free-electron susceptibilities d (q) and their range functions d (r) are derived at nonzero temperature starting from the Green's function representation by properly evaluating the contributions from the poles of free-electron temperature Green's function for each dimension dϭ1, 2, and 3. The present formalism produces not only d (q) and d (r) which show more accurate temperature-dependent behavior than our previous results for dϭ1 and 3, but also temperature-dependent two-dimensional 2 (q) and 2 (r) for a wide range of temperature. Our analytical results show that irrespective of dimension, the singular behavior of d (q) at qϭϮ2k F becomes suppressed at nonzero temperature as the singular points transit to complex wave vectors 2k 0 Ϯ , and this transition causes d (r) to be exponentially damped with common damping factor e Ϫ2 0 sin r k F r ϳe ϪTЈk F r for low enough temperature, where the exponent of the damping factor corresponds to an imaginary part of wave vectors 2k 0 Ϯ . We also show that the causality relation of the response function is essential in understanding the correct behavior of d (q) and d (r) for all dimensions.
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I. INTRODUCTION
The Ruderman-Kittel-Kasuya-Yosida ͑RKKY͒ interaction has been found to play an important role in many physical systems involving the interaction between local moments in a metal via polarization of the conduction electrons.
1 By assuming that the exchange interaction between a local spin and conduction electrons can be approximated by a contact potential, the RKKY interaction between two localized spins can be described in the following form:
where J is the exchange coupling constant, i, j denote local spins, and d is dimension. In Eq. ͑1͒, the exchange interaction d (r i j ) is the Fourier transform of the free-electron static susceptibility function d (q,ϭ0), i.e., the Lindhard function 2 which is given by
where f (k) is the Fermi distribution function, and i␦ comes from the causality relation of the response function. At zero temperature, the characteristic feature of the RKKY interaction, which has a long-range oscillatory behavior, is originated from the existence of the sharp Fermi surface which is reflected on the singular behavior of d (q) at qϭϮ2k F . 3, 4 Recently, Aristov 5 showed that the algebraic oscillatory decaying pattern of the RKKY interaction exists for arbitrary dimension and applied his results to a system of metallic layers weakly hybridized to each other. On the other hand, at nonzero temperature, the long-range oscillation of the freeelectron spin polarization, and therefore the interaction between local spins, is damped as the Fermi surface becomes blurred with increase of temperature. There have been several works on the temperature-dependent behavior of the RKKY interaction in a disordered metal. 6, 7 They showed that the temperature-dependent decay length becomes comparable with the mean free path at high temperature.
In our previous works, [8] [9] [10] [11] we developed a method which transforms the integration along the real axis to the summation of residues contributed from an infinite number of poles of the Fermi distribution function in a complex plane generated at nonzero temperature. We further transform the infinite sum to a closed form which is accurate enough up to the Fermi temperature T F by applying the Euler-Maclaurin formula. The low-temperature behaviors show that for three dimensions, the divergence of the first order derivative of 3 (q) at qϭϮ2k F becomes suppressed. Therefore, the decay of 3 (r) becomes an exponential form in the long range limit as a function of both temperature and distance, and shows fine variation in the oscillation period according to temperature. 9 Successive work on one-dimensional RKKY interaction revealed that its envelope also falls off exponentially with the identical damping factor e ϪTЈk F r just as the case of three dimensions, where TЈϭk B T/⑀ F , k B , and ⑀ F being the Boltzmann's constant and the Fermi energy, respectively. 11 On the other hand, the temperature-dependent behavior of two-dimensional RKKY interaction, which is important both in theory and experiments, has not been obtained because of mathematical difficulty in performing the contour integral on the complex plane.
The temperature-dependent damping behavior is originated from the fact that the Fermi surface becomes blurred as temperature increases. At nonzero temperature the diffuseness of the Fermi surface ⌬k may be defined from , following the argument of Kohn and Vosko, 12 which is qualitatively consistent with the exponent obtained in our works. Therefore two-dimensional RKKY interaction is expected to have the same damping factor. The present analytical study shows that the first order derivative of 2 (q) at qϭϮ2k F , which is discontinuous at Tϭ0, becomes continuous for finite temperature, and two-dimensional RKKY interaction has the same temperature-dependent damping factor indeed. In Sec. II, we describe a basic formalism which obtains the temperature-dependent susceptibility function d (q) for dϭ1, 2, and 3, starting from the Green's function representation of d (q) instead of the Lindhard function, and show that the poles of the free-electron temperature Green's function are identical with those of the Fermi distribution function. In Sec. III, we review briefly the results of d (q) and d (r) for the case of one and three dimensions, and point out the importance of i␦ in obtaining d (r). In Sec. IV, we derive the analytical forms of temperature-dependent 2 (q) and 2 (r) applying the method described in Sec. II. The comparision of temperature-dependent d (q) and d (r) with the numerical ones for several temperature are shown in Sec. V. In the comparision, we used the numerically obtained temperature-dependent reduced chemical potential 
II. GENERAL FORMALISM
Within the framework of linear response, the free-electron dynamic response function d (q,) can be obtained by an analytic continuation of the corresponding imaginary time ordered function, i.e, the lowest order proper polarization propagator ⌸ 0 (q,i l ), which is
where
e , and n ϭ(2nϩ1)k B T/ប being the odd Matsubara frequencies. Here, G 0 is the single-particle temperature Green's function. Notice that two convergence factors, e i⑀k and e i n , have to be associated to define appropriate contours in the complex k and plane, respectively.
Using the free-electron temperature Green's function G 0 (k,i n ), Eq. ͑3͒ can be rewritten as
͑4͒
where kq ϭ⑀ kϩq Ϫ⑀ k . To obtain the second term, we substitute kϩq to Ϫk and l ϩ n to n . Note that l ϩ n is the odd Matsubara frequency, so that G 0 (k,i n ) can be factored out. With an analytic continuation i l →ϩi␦, we can obtain the Fourier transform of the real time retarded response function d (q,), which is given by
͑5͒
Notice that if we perform frequency summation first, using the following identity:
we can obtain the well known Lindhard function Eq. ͑2͒. In this transformation, the frequency convergence factor e i n is essential to make a contour integral converge. 13 In a static limit, performing d-dimensional integration with respect to k, we obtain
͑7͒
where N d (0) is the density of states at the Fermi surface, T j Јϭ(2 jϩ1)TЈ, and J d (k,q) is given for each dimension
where c.c. means the complex conjugate, and is the Heaviside step function. Here, we use normalized variables with respect to the Fermi wave vector k F and the Fermi energy ⑀ F as kϭk/k F , qϭq/k F , and Јϭ/⑀ F . In this calculation, i␦, which is originated from the causality relation of the response function, plays a crucial role in obtaining the correct form of J d (k,q). In the next section, we present the procedure to obtain J d (k,q) and show that the calculation of J d (k,q) without i␦ for each dimension results in erroneous results not only for dϭ1, 14 but also dϭ2, and 3. The evaluation of Eq. ͑7͒ can proceed by performing the contour integral on a complex momentum space prior to the summation with respect to the frequency. On a complex k plane, the integral of Eq. ͑7͒ has simple poles at the points
and their complex conjugates,
The schematic representation of the locations of the poles in the complex plane are shown in Fig. 1 . Each of these poles approaches the real axis as T goes to zero and finally reduces to Ϯ1(Ϯk F ) at zero temperature. We first derive the results for the cases where the integrands in Eq. ͑7͒ are even functions, which corresponds to the case of dϭ1 and 3. On the contour shown in Fig. 1 , the integral along the real axis of Eq. ͑7͒ is transformed to the sum of the residue contributions
since the contribution from the integration along the infinite semicircle is canceled. For the case of dϭ2, the integrand of Eq. ͑7͒ is not even; accordingly the contour must be restricted to the first quadrant on the complex plane. Furthermore, because J 2 (k,q) is a multivalued function, it has a branch cut along the real axis. This problem can be handled without difficulty. Detailed calculation for dϭ2 is presented in Sec. IV. The series expansion form of Eq. ͑11͒ without the momentum convergence factor has also been derived for the three-dimensional dynamic response function 3 (q,) somewhat differently. 15 However, their result does not seem to be useful due to a slow convergence of the series. As shown in the following, the momentum convergence factor e i⑀k is essential to reduce the series to a closed form.
The summation in Eq. ͑11͒ can be carried out efficiently by applying the Euler-Maclaurin formula. In the present study, we split the sum into two parts, in which the first part contains m ͑usually mϭ1, or 2͒ terms and the second part contains all the remainders. Applying the Euler-Maclaurin formula to the second part only,
In Eq. ͑12͒, J m (q,TЈ) is the Euler-Maclaurin series truncated at the second order and R m (q,TЈ) is the error due to the truncation of higher order terms. Notice that in contrast to the Sommerfeld expansion series, our formalism is a closed form of analytical result for arbitrary T, and can be applied to integrals which have singular or rapidly varying integrand near kϭk F without any restriction. In this formulation, the accuracy of the analytical result ͓Eq. ͑12͔͒ increases substantially by splitting the sum in Eq. ͑11͒ into two parts and keeping the sums in the first part explicitly. For most of the case, the formula with mϭ1 gives sufficiently accurate results for the whole range of temperature. In the limit of T →0, Eq. ͑12͒ can be reduced to a zero temperature result of
, and all other terms are canceled ͑as T→0, j →1, and j →0). Finally, it should be noted that the poles of the Fermi distribution function are identical with those of the free-electron temperature Green's function as is seen in Eq. ͑6͒. Therefore, we could start the calculation of d (q) from the Lindhard function of Eq. ͑2͒ applying the same procedure. However, in this case, we must introduce the momentum convergence factor e i⑀k to obtain the same result.
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III. ANALYTICAL RESULTS FOR ONE AND THREE DIMENSIONS
A. One-dimensional 1 "q,T… and 1 "r,T…
There have been several works for the one-dimensional system by Kittel 3 and Yafet 14 for the zero temperature case, and by us for finite temperature. 11 Therefore we restrict our discussion on previously unnoticed mathematical problems in the derivation of 1 (q) and 1 (r), and show a more accurate analytical form, by applying Eq. ͑7͒ with mϭ1, than our previous result which corresponds to mϭ0. Usually, the calculation of 1 (q) starts with 1 
The schematic representation of the poles and contour for the integral in Eq. ͑7͒.
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ϩ1/(qϪ2k)͔ at Tϭ0 following Kittel. 3 However, it can be easily shown that it ends up with an erroneous result, (1/q)ln͉(qϩ2k F )/(qϪ2k F )͉Ϫi(/q)(2k F Ϫ͉q͉). To obtain the desired result, i␦, which makes the response causal, has to be retained in the starting equation. Then the correct 1 (q), which is (1/q)ln͉(qϩ2k F )/(qϪ2k F )͉, follows immediately. A decade ago, Yafet pointed out that the order of integration with respect to k and q cannot be interchanged in the evaluation of 1 (r) by showing that the singularities at qϭ0 and kϭ0 contribute differently, depending on the order of the integration.
14 In fact, this problem can also be resolved by retaining i␦ in the evaluation of 1 (r). To check the interchangeability of the order of integration between k and q, let us consider the calculation of 1 (r) written in the form of
Notice that it is identical with the one obtained from the Fourier transform of the correct 1 (q). Applying Eq. ͑12͒ with Eq. ͑8͒, temperature-dependent 1 (q,T) can be obtained as
and j *ϭ1/2 arctan͉TЈ/(q 2 /4ϪЈ)͉. The 1 (q) obtained in our earlier work corresponds to mϭ0. 11 The accuracy increases substantionally for the result with mϭ1 as can be seen in Fig. 4 . The analytical form with mϭ1 shows correct behavior practically for the whole range of temperature. The most dramatic behavior of 1 (q,T) depending on the temperature is the disappearance of the divergence at qϭ Ϯ2k F . Rice and Strassler estimated 1 (2k F ,T) to N(0)/2 ln(1.14⑀ B /k B T) using the assumption that the energy near the Fermi surface is linear as
17 However, without any assumption on the energy dispersion, our result shows correct low-temperature limiting behavior, which becomes
The disappearance of the singular behavior of 1 (q,T) at qϭ2k F , which is originated from the diffuseness at the Fermi surface as temperature increases, is reflected on the behavior of 1 (r) such that its decaying pattern becomes exponential as follows: where rϭr/k F . For the strongly degenerated case where spin polarization is finite, the zeroth order term with mϭ0 is sufficient to describe the temperature-dependent asymptotic behavior of 1 (r), which can be written as
All other terms in the series expansion have the same exponential damping factor e Ϫ2 0 r sin 0 , which becomes e ϪTЈk F r as T→0.
B. Three-dimensional 3 "q,T… and 3 "r,T…
The term i␦ plays exactly the same role in obtaining the correct form of J 3 (k,q) as it does for the case of one dimension. At Tϭ0, 3 (q) is written as FIG. 2 . The schematic representation of the contour used for the evaluation of 2 (q,TЈ). The dashed lines are branch cuts and C III path goes infinitesimally above the cut along the real axis from k ϭq/2 to ϱ. Notice that the contributions of the poles in the first quadrant are counted only.
͑16͒
However, if we drop i␦ in the evaluation of I 3 , we would end up with an erroneous result,
The second term in Eq. ͑17͒ can be canceled only if the causality relation is taken into consideration. The calculation of temperature-dependent 3 (q,T) is straightforward by applying Eq. ͑12͒ with J 3 (k,q)ϭk/q ln͉(qϩ2k)/(qϪ2k)͉, and the result becomes
where j ϭarg(q/2ϩk j ϩ )Ϫarg(q/2Ϫk j ϩ ). Here arg(z) is the principal value of the argument of z restricted to ͓Ϫ,͔. As was shown for one dimension, the singular behavior of 3 (q,TЈ) becomes suppressed at nonzero temperature. From the above equation, the derivative of 3 (q,TЈ) at qϭϮ2k F can be obtained as ϪN 3 (0)/4 ln(4⑀ F /k B T) for the low-temperature limit, which is divergent logarithmically as T→0. The inverse Fourier transform of 3 (q,T) produces 3 (r,T) as 3 ͑r,TЈ͒ 
͑19͒
which is identical with the one obtained in our earlier work if we set mϭ0. 10 If temperature is restricted to T/T F Ӷ1 the temperature-dependent asymptotic form of 3 
IV. ANALYTICAL RESULTS FOR TWO DIMENSIONS
A. 2 "q,T…
The zero temperature behavior of two-dimensional 2 (q,Tϭ0) was calculated by Kittel et al. a couple of decades ago. 3 However, it took some time to obtain the corresponding 2 (r) in contrast to the cases of other dimensions due to the mathematical complexity. 18 In spite of several efforts to obtain the temperature-dependent behavior of 2 (q,T), 19 the analytical form of it has not been obtained yet. We start by discussing the role of i␦ in the derivation of J 2 (k,q). At Tϭ0, 2 (q,Tϭ0) can be written as
͑21͒
The calculation of I 2 can be carried out to be 20
Notice that if i␦ is ignored, the value of I 2 at kϭq/2 cannot be defined. The calculation of temperature-dependent 2 (q) requires some modification of the formulation presented in Sec. II. The J 2 (k,q) has branch points at kϭϮq/2 due to the multivaluedness of ͱ(q/2) 2 Ϫk 2 . Therefore, to define the value of J 2 (k,q) in the complex plane for a given k, we construct the branch cut on the real axis from q/2 to ϱ. At each segment along the contour depicted in Fig. 2 , the multivalued function ͱ(q/2) 2 Ϫk 2 is defined as following different forms:
for C III , and ͱ(q/2) 2 ϩk 2 for C V . Then the real integral for J 2 (k,q) defined in Eq. ͑7͒ can be transformed to the contour integral as follows:
The contribution of the first quadrant of the infinite circle (C V ) is zero owing to the momentum convergence factor e i⑀k , and that of infinitesimal semicircle C II around the branch point kϭq/2 also becomes canceled as the radius of the circle goes to zero. Moreover, it can be shown that the imaginary part of Eq. ͑23͒ is canceled. Therefore, collecting the real part of Eq. ͑23͒ only, and applying the EulerMaclaurin formula, 2 (q,TЈ) can be written as 
where Re(z) means the real part of z. We note that in Eq. ͑26͒, lim n→ϱ must be taken prior to lim ⑀→0 . The evaluation of the second term in Eq. ͑26͒ can be carried out by partial integration 
where the definitions of j Ј and j Ј are identical with those of the one-dimensional case. In the low-temperature region, it is sufficient to consider the zeroth order term only, which gives
The singular behavior of 2 (q) at qϭ2k F becomes suppressed at finite temperatures due to the blurriness of the Fermi surface. In this case, the discontinuity of the first order derivative of 2 (q) at qϭ2k F disappears for TЈ 0 as is given by On the other hand, the second order truncated form of 2 (q,TЈ) in Eq. ͑28͒ seems to be divergent near qϳ0. However, this divergence is not real. It is originated from the fact that the summation with respect to k j ϩ ( jϭ0,1,2 , . . . ) in Eq. ͑23͒ was not carried out explicitly up to infinite order. In this study we used the Euler-Maclaurin series which approximates the infinite sum to an integration and its correction terms. The error due to this approximation is small, but it becomes amplified as q→0 because of the factor 2/q. For arbitrary q, exact summation in Eq. ͑23͒ is not allowed, but it is possible for q→0,
͑29͒
The first term in the right-hand side ͑RHS͒ of Eq. ͑29͒ can be written as
Then 2 (q,TЈ) becomes as q→0
where erf(x) means the error function. This is identical with the one obtained directly from Eq. ͑7͒ using the relation in Eq. ͑6͒
where we approximate f (k) to f(0) for 0рkрq/2 as q →0. This confirms that our choice of contour in the calculation of Eq. ͑23͒ is correct. Numerical tests show that the divergent behavior of 2 (q,TЈ) near qϭ0 becomes more regular as higher order correction terms are included, and as temperature decreases. Except for qϳ0, 2 (q,T) in Eq. ͑28͒ with mϭ1 shows highly accurate temperature-dependent behavior, especially near qϭ2k F as can be seen in Fig. 4 .
B. 2 "r,T…
Temperature-dependent 2 (r,TЈ) can be obtained from
where J 0 (qr) is the zeroth order Bessel function, and r ϭr/k F . 2 (q,TЈ) in Eq. ͑28͒ does not show regular behavior at qϭ0 as described in the previous section. So it is necessary to exclude the irregular behavior of 2 (q,TЈ) at qϭ0 in the above integration. For this purpose, let us divide the terms in Eq. ͑28͒ into two parts, which are written as
where we dropped ͚ erfc , and retain the Euler-Maclaurin series in Eq. ͑28͒ up to the first order. Numerical investigation shows that ͚ erfc is negligibly small for low temperature. Even though it increases as temperature increases, it is nearly constant for the whole range of q, so temperature-dependent 2 (r,TЈ) is not much affected by ͚ erfc as can be seen in Fig.  5 . First, let us transform 2 (1) (r,TЈ) into a more convenient form by the change of the variable zϭqr, which turns out to be
where J n (z) is the Bessel function of the first kind with index n. Using the relation (d/dz)͓zJ 1 (z)͔ϭzJ 0 (z) and integrating by parts, we obtain
where we use J 1 (z)ϭ͓J 0 (z)ϩJ 2 (z)͔/2. Second, 2 (2) (r,TЈ) can be rearranged as
For the subsequent procedure, we transform the Bessel function into the Hankel function using the relation J n (z) ϭ͓H n (1) (z)ϩH n (2) (z)͔/2. Then Eq. ͑31͒ and Eq. ͑32͒ can be written as
, and H n (1) and H n (2) are the Hankel functions of the first and second kind with index n, respectively. The superscripts U and L in I n U,L ͓F͔ mean that F is the first kind of the Hankel function for U, and it is the second kind for L. This transformation is essential because J n (z) is not uniformly convergent either on the upper or on the lower complex z plane, whereas H n (1) (z) and H n (2) (z) are exponentially convergent on the upper and on the lower plane, respectively. Then, we can extend the real integral in Eqs. ͑31͒ and ͑32͒ to the contour integral in the complex q plane and calculate the contributions from the singular points at qϭϮ2k j ϩ ( j ϭ0,1,2, . . . ). By Cauchy's principle, on the contour C U and C L in Fig. 3 , the integral in I n U ͓F͔ and I n L ͓F͔ along the real axis can be transformed to the contributions of the integrals along the branch cuts as follows:
where the contribution of the infinite semicircle and those of the infinitesimal circles around the branch points at qϭ Ϯ2k n Ϯ in the contour in Fig. 3 are canceled as the radii of each circle go to infinity and zero, respectively. Here, z n is defined as 2k n ϩ ϩxe i n . Notice that I n L ͓F͔ is equal to I n U ͓F͔ except for the sign of the argument of F. If we use the relation H n (2) (Ϫz)ϭe in H n (1) (z), Eqs. ͑33͒ and ͑34͒ can be rewritten in a more compact form as
For large r limit, dominant contribution of I n U comes from near xϭ0 due to the exponentially decreasing factor e Ϫr sin n x as can be shown by the asymptotic expansion of H l 
where ␥ is 4l 2 . Therefore, all the slowly varying functions in the integrand of I n U can then be replaced by their value at x ϭ0. Next, using the asymptotic expansion of H l (1) (z), we can obtain the following form of I n U ͓H 0 (1) ϩH 2 (1) ͔ and
Then, finally, 2 (r,TЈ) becomes for large r. Therefore 2 (r) has the same damping factor e Ϫ2 0 r sin 0 as the case of one and three dimensions.
V. COMPARISION WITH THE NUMERICAL RESULTS AND DISCUSSION
To check the accuracy of our analytical results of d (q,T), we compare Eqs. ͑13͒, ͑18͒, and ͑28͒ with the numerically obtained ones from Eq. ͑2͒ at various temperatures for the case of mϭ0 and mϭ1, respectively. As can be seen in Fig. 4 , our analytical results with mϭ1 are exact for whole range of temperature. We also observe in Fig. 4 that the singular behavior of d (q,TЈ) at qϭϮ2k F becomes suppressed at nonzero temperature because of the blurriness of the Fermi surface. In fact, this suppression of the singular behavior of d (q,TЈ) is due to the transition of singular points from real wave vectors Ϯ2k F to complex ones 2k n Ϯ (nϭ0,1, . . . ) on the upper half complex plane. As TЈ approaches zero the dominant one among them is 2k 0 Ϯ . Such Notice that for all the temperatures, the solid lines and short-dashed lines (mϭ1) coincide with each other. For TЈу0.5, the long-range oscillatory behavior of the spin polarization is made to disappear by the strong damping. a transition according to the temperature can be clearly seen in the zeroth order term in Eq. ͑12͒ where the characteristic wave vectors Ϯ2k F at Tϭ0 are replaced with 2k 0 Ϯ at nonzero temperature. Therefore, d (r,TЈ) becomes exponentially damped with the exponent corresponding to the imaginary part of the characteristic wave vectors 2k 0 Ϯ , irrespective of the dimension. In Fig. 5 , we plot the temperaturedependent range functions d (r,TЈ) in Eqs. ͑14͒, ͑19͒, ͑37͒, and numerically obtained ones at various temperatures. For the case of two as well as one and three dimensions, asymptotic behavior of analytical d (r,TЈ) with mϭ0 is shown to be accurate in comparision with numerical ones, which justifies the neglect of ͚ erfc in Eq. ͑30͒. For TЈϾ0.5, we can observe the strong damping of the range function irrespective of the dimension.
VI. CONCLUSION
Our previous works have shown analytical solutions of temperature-dependent free-electron susceptibility d (q,T) and the range function d (r,T) for dϭ1 and 3. The generalization of our method enabled us to obtain twodimensional 2 (q,T) and 2 (r,T) also. d (r,T) for dϭ1, 2, and 3 show that they have a common exponential damping factor e ϪTЈk F r for the low-temperature limit, irrespective of dimension. We also showed that the Green's function representation helps us to derive the correct forms of the reponse function.
